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Abstract 

We construct examples of flat surfaces in wliich are graphs over a two- 
punctured horosphere and classify complete embedded flat surfaces in with 
only one end and at most two isolated singularities. 
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1 Introduction 



The theory of flat surfaces in has undergone an important development in the last 
few years. The starting point of this renewed interest has been the discovery in |3j that 
flat surfaces in admit a Weierstrass representation formula in terms of meromorphic 
data, like the classical one for minimal surfaces in M^. This has generated a great interest 
in such class of surfaces, even though the only complete examples are the horospheres 
and hyperbolic cylinders (see [TU]). 

The last mentioned lack of complete examples has motivated an important advance 
in the problem of studying the singularities in these surfaces. Questions such as their 
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generic behaviour or the existence of complete examples with singularities have been 
solved thanks to the works [6] and pj. 

Contrarily to the minimal case, flat surfaces in can have isolated singularities 
around which the surface is regularly embedded. Geometrically, isolated singularities 
correspond to points where the Gauss map has not well defined limit. Locally, this 
kind of singularities have been classified in |4j, where is proved that the class of fiat 
surfaces that have p G as an embedded isolated singularity admits a one-to-one 
correspondence with the class of analytic regular convex Jordan curves in the 2— sphere. 
But there are many interesting problems in this theory that remain unsolved. For 
example, we can quote the existence of compact or complete examples with a finite 
number of isolated singularities. In this sense and up to now, the only known example 
of complete fiat surface with isolated singularities is the revolution one (also call the half 
hourglass) which is a graph over a horosphere with only one point removed. The goal 
in this paper is to contribute to the understanding of this family of surfaces. 

The paper is organized as follows: 

Section 2 starts with some information about how fiat surfaces in can be rep- 
resented by holomorphic data. Then, we deals with the global behaviour of complete 
embedded fiat surfaces with a finite number of isolated singularities, proving that any 
such surface is globally convex and, in particular, if it has only one end, then it is a 
graph over a finitely punctured horosphere. 

Section 3 is devoted to the construction of complete embedded surfaces with only 
two isolated singularities and one end. The construction relies on the conformal repre- 
sentation of fiat surfaces in and the existence of conformal equivalences between a 
one punctured annulus and a horizontal slit domain in C. 

Finally, in Section 4, we classify complete embedded fiat surfaces in with either 
one or two isolated singularities and only one end. 

2 Flat surfaces in with isolated singularities 

We consider the half-space model of H^, that is, = {{xi,X2,X3) G : X3 > 0} 
endowed with metric 

{,)■= — (^dxl + dxl + dxf) , (2.1) 

^3 

of constant curvature —1 and with ideal boundary Coo = {{xi,X2, 0) : Xi, X2 G R}U{oo}. 

Let E be a 2— manifold and ijj : E — > be a fiat immersion. Then, from the 
Gauss equation, the second fundamental form da^ is definite and so E is orientable 
and it inherits a canonical Riemann surface structure such that the second fundamental 
form da^ is hermitian. This canonical Riemann surface structure provides a conformal 
representation for the immersion ip that let to recover any fiat surface in in terms of 
holomorphic data (see [3] and [7] for the details). 

For any p G E, there exist gip),g*{p) G Coo distinct points in the ideal boundary 
such that the oriented normal geodesic at ip{p) is the geodesic in starting from g^{p) 
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towards g{p). The maps g,g^: : T, — > Coo are called the hyperbolic Gauss maps and it 
is proved in [3] that they are holomorphic when we regard Coo as the Riemann sphere. 

Kokubu, Umehara and Yamada investigated how to recover fiat immersions with 
some admissible singularities (flat fronts) in terms of the hyperbolic Gauss maps. Making 
suitable the Theorem 2.11 in [7J to the upper half-space model, we have 

Theorem 2.1 ([7]). Let g and g^ be non-constant meromorphic functions on a Riemann 
surface S such that g{p) ^ g*{p) for all p E S. Assume that 



1. all the poles of the 1-form are of order 1, and 

2. Re J = 0, for each loop 7 on S. 



n 9-9 
Set 

e:=cexp/^^, CG C\{0}. (2.2) 
J 9-9* 

Then, the map if) = {ipi,ip2,'^3) '■ S — > M.^ given by 

I , . , \^\'^i9-9*) I \i?\9-9*? ox 

is singly valued on S. Moreover, ip is a flat front if and only if g and g^ have no common 
branch points. 

Conversely any non-totally umbilical flat front can be constructed in this way. 

Using (12.21) and (12. 3p . we see that for recovering ip we only need a meromorphic 
function g on H and a harmonic function u : ^\Vg — > M, where Vg is the set of poles 
of ^, 

dg 



u:=Re / — —. (2.4) 

J g-g* 

Moreover, the conditions in Theorem 12.11 say that u and g satisfy: 

(A) For each p ^Vg, there exists a local coordinate z vanishing at p such that 

u + {hg{p) + 1) log 1^1 
is harmonic in a neighborhood of p, where hgip) is the branch number of g at p. 

(B) There exists a well-defined holomorphic function F on S such that 

1. du + 'i *du = Fdg, where * denotes the standard conjugation operator acting 
on 1-forms, and 

2. g and g — 1/F have no common branch points. 
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A straight forward computation let us to prove that the induced metric and the second 
fundamental form of are given, respectively, by 



ds"^ = exp{-4u)\exp{4u){dF + F^dg) -dg\'^, (2.5) 

rfa^ = exp(-4u)|rf^|2 - exp{Au)\dF + F^dg\'^. (2.6) 
All these facts let us to obtain the following conformal representation: 

Theorem 2.2. Let g be a non-constant meromorphic function on a Riemann surface S 
with set of poles Vg and u : '^\Pg — > M a harmonic function satisfying (A) and (B). 
If / (^.5|) (or equivalently , h2. d^) ) is a riemannian metric, then, the map if] = (V'l, "02, V's) ■ 
S — > given by 

A + ii^2 = 9-^3exp{2u)F, = ^^^^^^1^^ (2.7) 

1 + exp(4u)|Fp 

is a well-defined flat immersion. 

Conversely, any flat immersion in M.^ can be constructed in this manner. 

Remark 1. The hyperbolic Gauss map g defines a horosphere congruences, for which 
and g{^) are envelopes and 2exp{2u) is the radius function of each horosphere 
(see If;. 

Definition 2.3. Let H be a differentiable surface without boundary, t/^ : E — >■ a 
continuous map and T = {pi, ■ ■ ■ ,Pn} C S a finite set. We say that ifj is a complete flat 
immersion with isolated singularities ipipi), ■ ■ ■ jipiPn), if "4^ is a flat immersion in'E\J-' 
but ip is not at the points Pi, - ■ ■ ,Pn, o.nd every divergent curve in S has infinite 
length for the induced (singular) metric. 

Proposition 2.4. Let ip : I] ^ M!^ be a complete flat immersion with ip{J^) as set of 
isolated singularities. Then there is a compact Riemannian surface S, n disjoint discs 
Vi, - ■ ■ , Vn C S and finitely many points qi, - ■ ■ ,qm ^ where V = ViU ■ ■ ■ UVn 

such that S\jF endowed with the conformal structure induced by the second fundamental 
form has the conformal type o/ S \ {{gi, ■ ■ ■ , qm} U V} 
The points gi, ■ ■ ■ , are called the ends of ip. 

Proof. Let /C C S be a closed disk containing JF in its interior. From fl2.5p and fl2.6p . 

o 

we have that ds^ < 2 exp(— 4u)|(i5fp in S \ /C. Thus the flat metric exp(— 4n)|(i(7p is 

o 

complete and it follows from a classical result of Huber, [5j, and Osserman, [8], that S\/C 
is conformally a compact Riemann surface with compact boundary and finitely many 
points {gi, ■ ■ ■ , g^} removed. Then the proposition follows because around an isolated 
singularity we have the conformal structure of an annulus (see Section 5 in [4]). □ 

From Lemma 1 in [3j, we know that a complete fiat end in must be conformally to 
a punctured disc. Then, the following assertion follows as in [TT] , (see also the Appendix 
for details). 
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Proposition 2.5. Each embedded complete end of a flat surface m is biholomorphic 
to a punctured disc and the hyperbolic Gauss map g extends meromorphically to the 
punctured, that is, the end must be regular. 

Theorem 2.6. If ip : T, M.^ is a complete flat embedding with as set of isolated 

singularities, then ip is globally convex. 

Proof. Consider the Klein model for H^, that is, the diffeomorphism from into the 
open unit ball C given by : ^ B^ 

^(yi,y2,2/3) = II 112 I 1 ^ II 112 I 1 ' II 112 I 1 ' 

for any y = {yi,y2,y3) ^ EI^ and where by ||.|| we denote the usual Euclidean norm. 

This map is totally geodesic, and thus, it preserves convexity. In particular, flat 
surfaces in are mapped into convex surfaces in M^. Moreover, the ideal boundary of 

is mapped via K to the the unit 2-sphere of M^. 

From the above Propositions, we have that ^{ipCE)) is a compact locally convex 
surface in M.^ with a finite number of peaks which correspond to the ends and the 
isolated singularities. Moreover, from Theorem 11 in [1] and having in mind that the 
ends are regular, we have that around each peak the surface is a convex graph over a 
plane passing through the peak. Then, it is clear that ip must be globally convex and 
we conclude the proof. □ 

Corollary 2.7. Every complete flat embedding : H ^ M.^ with a finite number of 
isolated singularities and only one end is a graph over a finitely punctured horosphere. 



3 Canonical examples 

In this Section we shall describe examples of complete flat embedding with only one 
end and at most two isolated singularities. 



3.1 Rotational examples 

It is known, see [3j and |7J, that a half hourglass is a revolution flat complete embed- 
ding with one isolated singularity and one end, which admits a conformal parametriza- 
tion : S — given by with 

a + 1 

g{z) = z, g^{z) = -z, 

a — 1 

where z e = B; = {z e C / < \z\ < r}, Ar^" = 1 - and a g]0, 1[. 

In this case, the singularity is '?/'(Sr) = (0,0,6), with = {-s G C / |z| = r} and 
6 G M, the end is V'(O) = (0, 0, 0) and the function 

R{z) = F{z)g{z) ^^'^ 



g{z) -g^{z) 
is constant, see Figure [H 
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Figure 1: Complete flat surface with only one isolated singularity 



3.2 Examples with two isolated singularties 

We are going to construct examples of complete flat embedding with only two isolated 
singularities and one end. 

We know from Proposition 12.41 and Corollary 12. 7[ it admits a conformal parametriza- 
tion : A* ^ of a punctured annulus A* = Ar \ {zq} in M.^, where 

Ar = {z e C / r < \z\ < 1}, 

< r < 1 and zq G is the end. 

Consider the annular Jacobi theta function given by 



C(l-l^fl^l-r''z){l~r"^/z), (3.1) 



here, C = YYkLi{l — r ). It is clear that it satisfies 



^^[z) = ^i{z) = -r'zdxir'z) = — A{l/z), A{z/r') = ~zA{z) (3.2) 



^[(z) = -r^^i{r^z) - r^z^[{r^z) = — i9i(l/^) + —^[{l/z), 



and by deriving 

-M^z) + - 

z^ z 

§\{z/r'^) = -r^A{z) -r'^z^[{z). (3.3) 

Thus, for any zj g] — l,—r[, one can see that the classical holomorphic bijection qj : 
K\{zj} C\ih U Ir) given by 
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maps the circles Si and S,., onto two real intervals Ji and 7^, respectively. 

Actually, qj is characterized as the unique (up to real additive constants) holomorphic 
map in Ar\{^j}, which maps each boundary component of onto a real interval and 
has a simple pole of residue 1 at zj, see [1]. 

Given zq, zi, Z2 G] — 1, we define the following holomorphic function R : Ar\{zo} — 

C 

R{z) = aqo{z) + b, (3.5) 

where a and b are real constants, determined by R{zi) = 1, R{z2) = and such that 
< < 1 on the boundary of A^, dA^. It is not a restriction to assume that 

i?(§i) = [i?(-l), i?(l)] C ]0, 1[, RiSr) = [R{r), Ri-r)] C ]0, 1[, (3.6) 

with R{1) < R{r). 

Then, R'iz) = only for 1 E {±1, ^r}, and making an analysis of the set ^(^^(R), 
one can see that 

R{[-1, Z2] U §1 U [r, 1] U U [z,, -r]) = [0, 1], 
RiWzol) =] -oo,0[, R{]zo,zi[) =]l>+oo[ 

and zo G ]z2, Zi[. 

Moreover, by the above mentioned characterization of the holomorphic functions qj 
one has 

R'{z^) R\z2) , . 

—— = q2[z) - C2, (3.7) 



R{z)-l R{z 
where 

Ci = qiizo) = qi{z2) + R'izi), C2 = ^2(^0) = ^2(2:1) - R'iz2) E 
With the above notations, we have: 
Proposition 3.1. If zq, zi, Z2 e] — 1, —r[ and m G M satisfy 
(CI) m + cizi - ziR'{zi) = -Z2R'iz2), 
(C2) cizi - C2Z2 -2 = 0, 
(C3) 2i22r2('"+2) = 1. 

Then the functions g : A^ — > C and u : Ar\{-2o} — > M given by 

Qi{z 



with 



Uz,/z) 



1 - R{z) 



(31 



QAz)= / , J = 1,2, (3.9) 

satisfy the conditions of the Theorem \2.B, Thus, ip : Ar\ {zq} given by ^2. ?| j is a 

well-defined flat surface with ipiEii) and ipi^r) isolated singularities. 
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Proof. As Zj is a simple zero of Qj, it is clear that g is a. holomorphic function, without 
zeros in A^, and 

uiz) - -log|z - Zol 

is a harmonic function in A^. So, the condition (A) is satisfied. 

In order to check the condition (B), we use that (I3.4p and (13.9P give 

Thus, from ([X7D, (CI), (C2) and ([S3]) we get 

R'{z) ^ zi R{z)R'{zi) ^ m + c^z^ - z,R'{zi) 



1 - R{z) z R{z) - 1 
and 

"ig'jz) R'jz) , ^1 , , Z2 , . 2 

g{z) R[z){l — R[z)) z z z 



R'{z) ^ Zi R'{Zi) Z2 R'{Z2) ^ CiZi - C2Z2 - 2 (^^11-^ 



R{z){l-R{z)) zR{z)-l z R{z) z 
Thus, we conclude there exists a holomorphic function F : A.r\{2;o} — > C given by 

Fi.) ^ ^ (3.12) 

which satisfies the condition (B). It is clear that g and g — 1/F have no common branch 
points, because i?' 7^ in Ar. 

On the other hand, if ^ G §1, then from ([22D, (IS2D, O, M, (M and (IXT^ . we 
obtain 

e.p(2„W)^^, ISWP^^ (3.13) 

and so 

7/>(Si) = (0,0,1). (3.14) 

Similarly, if 2; G §r, then 

eM})-^y l«WI^-T%|'-' (3.15) 
and by using (C3) 

V^(§,) = (0,0,|^i|r'"+i). (3.16) 

□ 
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We will call canonical examples to those flat immersions obtained as in the above 
proposition. 

The following result proves that there exists a large family of canonical examples. 

Proposition 3.2. For any r G ]0, 1[ and s G ] — 1,0[, there exist m G ] — 3, — 2[ and 
zq,zi,Z2 G ] — 1,—r[, Z2 < zq < zi, which satisfy the conditions (CI), (C2), (C3), 
with s = -Z2C2 = -Z2q2{zo). 

In particular, for s = —1/2, there is a solution with m = —5/2 and Zq = r = ziZ2- 

Proof. From (13.41) and (13.71) . the condition (CI) can be written 

m = 2z,Z2^^f^ - 1 + ^2^2(^0) = 2h{z^Z2) - 1 - fo{z2), (3.17) 

^l[ZlZ2) 

where h and /o are the functions given by 

zif (z) 

M^) = ^^, foiz) = hiz/zo) + hizzo). (3.18) 

We are going to use some properties of h and /q. First, from (13. 2p . (13. 3p and (13.18^ . the 
function h verifies 

h{z) = l + h{r^z), h{z) + h{l/z) = -l (3.19) 

for any z. In particular —1 = h{r) + h{l/r) = h(r) + 1 + h{r'^/r) gives 

h{r) = -1. (3.20) 

Moreover, from dSl]), flXTS]) . fICT]) and (IX^ . we obtain 

h{y,r[) = ]-l,+oo[, /i(]r,l[) =]-oo,-l[, 
/o(]-l,zoD =]-l,+oo[, fo{]zo,-r[) =]-oo,-2[, (3.21) 

for any zq E ] — 1, — r[. See Figure [2] and Figure [3l But, the conditions (CI), (C2), 
(C3) are writing as 

m = 2h{r-'(^+'^)-l-fo{z2), 

-2 = /o(^i)-/o(^2), (3.22) 
z,z2 = r-2(™+2)^ 

and from (I3.2ip . if s G ] — 1, 0[, then there exits m G ] — 3, — 2[ such that 

m = 2/i(r-2(™+2)) - 1 - s. (3.23) 
In the same way, for any 2:0 G ] — 1, — r~*^™'+^) + e[, one gets Z20 e] — 1, zo[ such that 

^-2(m+2) 

/o(^2o) = s, Z20 < zo < = 2:10, (3.24) 

2^20 




for an appropriate e > 0. 

Finally, from (KIM . (Km . (KM and (^M>, we only need to find zq such that 

s-2 = /o(^io) = h{zio/zo) + hi^ziozo) = f{zo). 
This zq exists, because 

lim f{zo) = 2/i(r-2('"+2)) = m + l + s> s-2 

and from fl3.2ip 

lim f{zo) = -oo. 

In particular, for s = —1/2, it is clear that f l3.23p is satisfied with m = —5/2 and 
f l3.20p . Then, by taking zq = —y/r, Z2 — Zq[ such that fo(^Z2) = s and ^12:2 = r = Zq, 
(KT8^ and fl3T9D give 



= -2 - /i ( - ) + h ( ^ ) = -3 - fo{z2) = -3 - s = -2 + s 

and we finish the proof. □ 

Theorem 3.3. Each canonical example ip : Ar\{2;o} — ^ U'^ a complete flat embedding 
with two isolated singularities and one end, (see Figure^. 
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Figure 4: Complete flat surface with two isolated singularities. 



Proof. From ([23]), flXTij) and flSTTGl) . we have 

exp(4M) {dF + F'^dg) = dg (3.25) 

on dAr, and we deduce that g'{z) 0,Wz ^ dAr. Otherwise, if g'(z) = 0, for some 
I e dAr, (EUD and (K25\f imply = = R'iz), (that is, I G {±l,±r}). But, in 

this case, (13.1 ip and (C2) give 

= IR(S){R{I) - 1)^^ = ziR'{zi)R(S) + Z2R'{z2){l - R{I)) > 0, 

which is a contradiction Then, from (13. 6p . (I3.13P and (I3.15p . the holomorphic function 
g is one to one on c^A^, (because, it is a covering map with g~^{g{z)) = {z}, for z G 
{±1, ±r}), and using that U dAj. is compact, we deduce that the set 

= G A^ / g'{z) = 0} = G A^ U dAr / g\z) = 0} 

is finite. Again, as g : Ar\g^^{g{V)) — > g{Ar)\g{V) is a covering map, (one to one on 
dAr), g is a diffemorphism on Ar\g^^{g{V)) and also on A^. Hence, V = ^. 
Now, from (13.80 and (13.250 . the holomorphic function 

verifies \p{z)\ = 1 on dAr. Then, by the maximum modulus principle, \p{z)\ < 1 on 
and the fundamental forms (12.50 and (12. 6p are positive definite and 

ds'^ = exp{-4:u)\dg - p dg\^ > exp{-4:u)\dg\^{l - \p\^) = da'^. 



11 



As consequence, ipi^i) and ip(E>r) are the unique singularities of the canonical exam- 
ples. Moreover, outside a neighborhood of the singularities, we have |pp < 1 — e, for 
some e > and 

1-R{z) " 



ds > e exp{-Au)\dg\^ = e 



\dgY 



is complete, because R has a pole in zq. As (7 is a diffemorphism, it follows, by (13. Sp . 
that V'(^o) = (5'(-2^o),0) is the only end and it is embedded, see [3] and [7J. 

Finally, ip : — >■ induces a local diffemorphism, well defined and continuous 
on the topological sphere obtained when §1 and are identified with two points. So, 
ip is & covering map, with embedded end, and we conclude that it is one to one. □ 



4 Characterizations 

Theorem 4.1. The revolution examples are the unique complete flat embeddings in 
with only one isolated singularity and one end. 

Proof. \{ ip : Tj — > H'^ is a complete flat embedding with only one isolated singularity 
and one end, we know from Proposition 12.41 and Theorem 12. 61 that ip admits a conformal 
parametrization ip : ©r\{^o} — ^ where zq G is the end and ip{^r) is the isolated 
singularity. 

Now, up to isometrics of H'^, we have exp(2M(zo)) = 0, 

= (0, 0, 1), i;{z,) = {g{z^), 0) = (0, 0, 0). (4.1) 
Hence, if z G dZZD and (gl]) give 



g{z) = exp{2u{z)) F{z), exp{2u{z)) = 1 + |5'(-2)|" 

and 



g{z)F{z) 



\9iz)\' 



l + \gizW 

That is, the holomorphic function R : D,.\{2;o} — > C, defined by R{z) = g{z)F{z), is 
real in and 

From (14.11) we also obtain that the harmonic function u : Dr\{2;o} — ^ is given by 

u{z) = ln\z — zqI"' + u{z) 
with n > and u : D,. — > M a harmonic function. Then 

du + i *du = Fdg = R — 

9 
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has a simple polo in zq and, as g{zo) = 0, (or g{zo) = oo), i? is a holomorphic function 
on and real on (9Dj., that is, i? is a constant function, R{z) = b,'^z & 3^ and 

exp{2u{z)) = a\g{z)\'^'' (4.3) 

for any z G D^., where b g]0, 1[ and a > 0. 

Consequently, from (12.71) . (14. 2 p and (14.31) . we conclude that ip is the revolution ex- 
ample given by 

^{z) = i){g) = ig 



-a\b-i 


lj2 


M 


1''"' ci\g\ 


2b 


l + a262| 


\9\ 


46- 


2 ' 1 + 


\9\ 


4fe-2 



with g e D,\{0}, for s = ^ and a = (1 - bf-^b-\ 

□ 

Theorem 4.2. Each complete flat embedding in with only two isolated singularities 
and one end must be congruent to one of the canonical examples. 

Proof. If : S — > is a complete flat embedding with only two isolated singularities 
and one end, we have from Proposition 12.41 and Theorem 12 . 6 1 1 hat ip admits a conformal 
parametrization if) : Ar\{-2o} — > H'^, where zq G ] — 1, — r[ is the end and the singularities 
are the points '?/'(§i) and tpi^r)- 

Also, up to isometries of H^, we can consider exp(2M(2;o)) = 0, 

V^(§i) = (0,0,1), ^(§,) = (0,0,c), (4.4) 

with c G M+\{1}. 

Now, if ^ G §1, ([22]) and (|i3D give 



and if z G Sj., then 



where R : Ar\{2;o} — ^ C is the holomorphic function gF. 
Again R is real on dKr and 

du + i*du = Fdg = R^ (4-7) 

has a simple pole in zq. 

However, in this case, log \g\'^ is a harmonic function on A^, because if g has a zero 
or a pole in zq, then -R(2;) = b g]0, 1[ and one obtains a revolution example with only 



13 



one singularity. Moreover, as g'^z^) ^ 0, since the end is embedded, R has a simple polo 
in zq and, by the characterization of qo, must be fl3.5p . 

So, by the uniqueness of the Dirichlet problem for harmonic functions on A^, (14 .Sp 
and (14.60 we get 



log|5'(^)P = log 

with n G M such that 



1 - R{z) Q2{z) 



= ^r". (4.8) 

Thus, after a rotation, g is given by (13. Sp . (with n = —2, since the end is embedded). 
Finally, from (13. lip and (14. 7p . we also have the harmonic function u : A^. — > M, 

u{z} = u{z) -— log \z - Zo\ = u{z) - - log \z - Zo\, 

g{zo) 2 

determined by (14. 5 p and (14. 6p . These conditions coincide with (I3.13p and (I3.15p on dA^, 
if we take m G M such that 

c=|zi|r'"+i (4.9) 

and so, the harmonic fuction u : Ar\{zQ} — > M is (13. 8p . 

Then, from ([3SD, (gZ]), dMD and IgM) one deduces (CI), (C2), (C3) and the flat 
surface is one of the canonical examples. 

□ 

Remark 2. From the above proofs, it is clear that there are not compact embedded flat 
surfaces, with less than three isolated singularities, because R is constant only for the 
revolution examples. 



5 Appendix 

As we have remarked before Proposition 2.5, from [3J, we know that a complete 
flat end in M.^ must be conformally to a punctured disc D* and admits a conformal 
parametrization 

ifj-.B* — > , 

with associated Weierstrass data {f{z),h{z)dz), such that 

,/ oo oo 

J =11 P^^N fh' = E ^^^^ (5-1) 

i=—l i=—m 

where m > 3 if and only if the end is irregular. Moreover, the hyperbolic Gauss maps 
are given by 
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being Xi,X2 linearly independent solutions of the ordinary linear differential equation 

X" - jX' - fh^X = 0. (5.3) 

This equation is of the same type that the equation (El) studied by Yu in [11]. In 
particular, he proved that its fundamental solutions in a sector domain take the following 
forms 

X^{z) = z^+-{l + A{z)) exp(-C), X2{z) = z''-"{l + B{z)) exp(C) (5.4) 

where 



z 



A, B are analytic functions, which tend to zero as z tends to zero, and the numbers 
a, 0", CT„_2, ctq and n depending of the coefficients fl5.ip and m > 3. 

Finally, from Lemma 3 in [TT], one can choose a sector domain which contains an 
essential direction of the function 

z-'^exp(C). 

Then, by using (15. 2p . (15. 4p and the proof of Theorem 6 in [11], one gets 
Theorem 5.1. No irregular ends of flat surfaces in are embedded. 
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